
- l 'r . . ., n, - r,- rr'tvwY m •wsr W .r¶" , ' ,

RADC--TR-77-109
Interim Technical Report
March 1977

H-FIELD, E-FIELD, AND COMBINED FIELD
: SOLUTIONS FOR BODIES OF REVOLUTION

Department -)f Electrical and Computer Engineering

Syracue University

Approved for pubiir release;
distribution tilimwited.

ROME AIR DEVELOPMENT CENTER 1 DD C
>. AIR FORCE SYSTEMS COMMAnD

o.- GRIFFISS AIR FORCE BASE, NEW YORK 13441 I I L

CDD

So

i - --- j %. ;i • .. . .
•i t ' ' ' . . . . .. , .• • ... . , , . ... ...... . • za .• • •. .. o.• : • ,-.a ,•......... , . . . • . . . 'Li .' .... • . .... - . . " T ,• • ~ • ,



W7- 1- '-

Professor Roger F. larr~nqton and Dr. J. R. Mautz ire tha
co-respcnslb~e invesf:giator- for t0s contract. Pbter R. Frarchl (71'ER)

is the kADC Project Engineer.

This report has been reviewed by the RMAC Informatlon Office (01)
and i!k releiasable to the National Technical Information Service (NTIS),
At NTIS it wil? be releasable to tho General public, Including foreign
nat lons.

This technical report has been reviewed and approved "'or publicati.on.

APPROVED:

PETER R. FRANCHI
Fro3ect Engineer

APPROVED:

ALLAN C. SCHELL
Actinq Chief

z tectro'•"Ignetlc Sc lences Division

FOR YHE COMHAIIDER:

Plans Off'ce



IINCLASSI ý'1:ED
SECURITY CLASSIFICAtION Or THIS PAGI (When 1lei. Enitered)

REOTDCMNAIN/G READ INSTRUCTIONSREPOT DOUMETATIN PAE BEFORE COMPLETII'G FORM
R E 0 T Ir M. Fý2, GOVT ACCESSION NO. R. RE.IPIENT'S CATALOG NUMIJFR

4 TI T t- aV S. TYPE OF REPORT & PErIloD COVE~RED

TED -FIELID, A-ND COMBI[NED FILELD In-e rim TYechnic.-1 Xe 4-.
SOATOSFRBODIES OF REVOLUTION 6. PERFORMING OtRG. PEPORT NUMBIER

7, AJIHO~a)8. CONTRACT OR GRANT NUMSER(a)

/ F19628-76-C-0300 /`Roger F. H~arri.ngton *-*/.'

9. PERFORMING ORGANIZATION NAýME ANýD ADDRESS 10. PRO)GRAM ELEMENT. PROJr.C-T, TASK
Syracse Unva.~g~y--AREA & WORK UNIT NUMB.ERS

Deatmn ofEetia ndCppie ng~lnee ring, 61102F,`23041'1221

Depucy of Electronic Technology (RAD() R1 AT

Htanscom AFB, Massachusetts 01731 0.f. NUFABER OF PAGES
Contract Monitor: Peter R. Franchii/ETER ___48 ______

74.MONIFTORING AciENCY NAME & ADý)RESS(if different fromi Controlln Ofic EUITY CLASS. (of this report)

/ "~ "UNCLASSIFIE'D

15I.. DECLASSIFICATION/DOWNGRADING
SCHEDULE

Ili. DISTRIBUTION STATEMENT (of thle Report)

A - Approved for I)ublic release; distribution unlimited

17. DISTRIBUTION STATEMENT (of the abetrect entered fIn Block 20, If differentI from Report)

to. SU-PpPLEMNTARY NOTES

'his work was partially supported by the Air Force Post Doctoral Progr,-I
ktIrner Contract No. F30602-;j3-C-0121.

\19. (E~Y WORDS (ContInueo, rt everv. side It neceemary aid Identify by block number)

Bodies of Revolution Electromagnetic Scattering
Combined field equation 11-fieild equation
Conducting bodies Method of Moments

\L-f13.1( equlftion R-adar cross sectici

2 3;WýTRi.CT Contlnu& orn ravere. odde if noc~e~eay and idintlfy by thick numaber)

11-field, E-filel d, and combined fielid soluitions aire developed for the el cc-
fric surf -ace current and far scattered f-icl1ds of a perfeculy con(hIIct-ng body
(of, re vollut-n 1(0 xIted (1y an 1 Lirldent p1lan e wave. I'ies e 501 ut-i cns arc ohbta ined
byv applyfing, the methiod of noicmerlt . to the 11t-field, I1_f -e1d0(, and combined field
itltej~ral equations, respectiv~ely. TIhe 11-f~ie1 d integral eqriationi is obt ainied I-
req 11 it-Lg thfe t anIen12 -L UI aguo1 t ic f ield( to0 he zero jus4t ins i d t he s uT 1.ace S o

tiff ~ ~ ~ ~ Ilc boyo eF1ut(1.11 -field !ntegral equatiton is oh aic-1b equil riiii

DDI Fj()Im 14173 khITIO04 or I NOV 65 iS OBSOLETEt.N,\; I
2,;I' 0102-0114- 660'1____

SECUNiTY CLASSIFICATI N OF TNI5 PAGE :We ct ritrd)

............................................................................



UNCLAS S IF I El )
L ý,IJ'-ITY CLA55IFICATION OF THIS PAOE'When Data Fnftord,)

the tangential. electric field to be zero on S. Thle combined field integral
equation Is a linear combination of the 11-field and E-field integral equations

Computations show that both the ll--field and the F-field solutions deterio-
rate near internal resonances of the conducting surface S, but that the com-
bined field solution does not. T'le computer program subroutines used to per-
form these computations will appear in a forthcoming report.

I N C LASSýl I El!)CT

IEUIYCASFCTO FTI A~inf~a~t~d



EVALUATION

This report is the first Technical Report. it is a theoretical
analysis of a method for obtaining solutions for conducting bodies of
revolution with an unspecified cross section. The approach involves
applying the method of moments to the E-field, H-field and the combined
field integral equations, respectively. The final solution is a linear
combination of the H-field and E-field Integral equations. This technique
is an Improvement over previous single field techniques, because at
certain critical frequencies the single field techniques appear to become
unstable. This does not happen with the combined field approach.

A second report giving the computer program for this technique is
being prepared. These reports will' enable the practical computation
of the backscatter cross section of many complex bodies of revolution.
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1 f NTROIDUC'T ! ON

lormuias for the computation of the electric surface current and far

scattereC field of a perfectly conducting body of revolution are derived

for arbitrary plane wave excitation. Computer p-rogram subroutines which

Implement these formulas in the resonance region will appear in a forth-

coming report. Computations show that both the H-field solution and the

E-field solution deteriorate near Internal resonances of the conducting

surface, but that the combined field solution does not.

The field solutions are obtained by applying the method of moments

to the H-field integral equation, the F-field integral equation, and the

combined field integral equation for a perfectly conducting body of revo-

lution. Although the computer program subroutines are written explicitly

for a perfectly conducting body of revolution, they are directly applica-

ble to the more difficult problem of plane wave scattering by dielectric

bodies considered by Wu [1].

Our H-field solution is similar to that of Uslenghi [2], generalized

to oblique incidence and with expansion and testing functions equal to

four impulse approximations to triangle functions divided by the cylin-

drical coordinate radius. We use Gaussian quadrature instead of Simpson's

rule for integration. Our treatment of coincident impulses is simpler

than Uslenghi's. The impulses are combined in groups of four, not to

make the Il-field solution more efficient, but to make it compatible with

the E-field solution. Actually, for low order solutions where much more

effort is required to obtain the matrix elements than to solve the system

of linear equations, it is wasteful to combine the impulses If all one

wants is the 11-field solution alone.

Our E-field solution Is in some respects a simplification and

in other respects a refinement of an earlier E-field solution [3].

[1] 1'. K. Wi, "Electromagnetic Scat-tt irt , from Arbitrarily-Shaped loossy
Dielectric Bodies," Phi.D). 'lliesis, I1niverstty of Mlssissippi, May 1976.

[2] P.1, .1 . IIs Ienl i , "'CompIItat tol of Surtace COurrent, Ro 8odies of Revolin-
t ion," Al_ta repieuza, vol. )9 , No. 8, 1970, pp. 1-12.

'31 ,. I {R.Ma Iat z anid R. I I. farrJn gt on, "'Radi; t Ion and S-atter IIg from B Odtt,'S

of Revol.1t ion,' App!]. . c I . Re,.- , vol 20, ,iiune 196(), pp. 40'i-4"0'.



T]he interaction between impulse portions of the e-pansion and testing

functions is calculated in the same way as in the H-field solution.

Computationally, this new E-field solution is roughly three times faster

than that of [3] with comparable accuracy.

,ur combined field formulation is that proposed by Oshiro et al.

[4,5]. It is obtained by the method of moments applied to a weighted

average of the H and E field integral equations for a perfectly conduct-

ing body of revolution. The matrix operator for the combined field

solution is a jinear combination of the matrix operators for the H and

E field solutions. The excitation vector for the combined field solu-

tion is the same linear combination of the excitation vectors for the

1H and E field solutions.

II. STATEITNT OP' THE PROBLFM

We seek the electric surface current and the far scattered field

of the perfectly conducting body of revolution of Fig. 1 excited by an

incident plane wave. Tn Fig. 1, p,4,z are cylindrical coordinates,

and t,ý form an orthogonal curvilinear coordinate system on the surface S

of the body of revolution. Also, u and u are orthogonal unit vectors in

the t and ¢ directions, respectivelv. The coordinate origin is on the

axis of the body of revolution but not necessarily at the lower pole aL

in Fig. 1. Figure 2 defines the propagation vector k of the Incident

plane wave, the transmitter coordinate 0t, the coordinates 0 r r (re-' r

ceiver coordinates) at which the far scattered field is observed, and

the propagation vector k of a hypothetical measurement plane wave which

travels from thi receiver location (0, r t) toward the origin. Note that

the •, cocrdinate of the transmitter is zero such that k is in the xz
t t r r

plane. In 11g. 2, 1i t, 1 , I, and 1 u are unit vectors in the 0 , y, 0)

and 4r directions respectively.r

We consider separate-ly a () polarized incident plane wave deflned

[4] F.K. Oshfro, K.M. Mitz.,,er, and S.S. locus et al., "Calculation of Radar
ros, Sect ion," Air Force Avionic , Laboratory Techi. Ript . AFAI,-TR-70-2 I
'Prt I!, April 1o7n.

[5] A. !. Pogglo and V.!.. M.1Iler, "Integral Equat ion Solutions (0 'ilret-
I)i mensi onal S- "at t e in ! 1rob I ems, " (hap. 4 of (c'mputer ' fcholi, for
FlI _c t roma!gu4,'t ., I edl t ed v R. -1 t t ra, Perýýamon Press, 1973.
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by -Jkt r
ýi t) k e

(1)

t -jkt r
S1 = (k xt )e

and a q polarized incident plane wave defined by

Fi e •i k l.e(2)

H = (k X 1t)e- -tE".it

where E and H.I denote incident electric and magnetic fields respec-

tively, r is the radius vector from the origin, k is the propagation

constant, and rn is the intrinsic impedance. Either plane wave gives

rise to t and i directed electric surface currents on S and 0 and ir

directed far scattered fields.

IIl . 1{--FTETD SOILIUTION

The 11-field solution is obt:ained by applving the method of

moments to the lf-fie!d integral equation. 'lTle H-field integral equa-

tion is derived by setting the component tangential to S of the total

magneti, field equal to zero just inside S.

'11he boundary condition that the total tangential magnetic field

is zero just inside S is written as

-n x = n = iI just inside S (3)

where n is tHe unit oulward normal vector to S, 1t is the magnetic

field due to the electric' surface current on " and Il Is the incident

magnetic f ield 1given by either (1) or (2)

T'o obtaln an expression for n ,!', we ott' firsIt that t-froTTm

page 98 of [6]

[6 ] R. H. tarrington, o i re---aHa on( J•1. mLa tti, Field. b', ;riaw-Ii I1
Book Coo., 1961



n xH= lirn n V x .(r') ejkr-(4)

'4gr r-r'I
S

where 5 is the distance between the field point r and the inside face

of the surface S, r' is a running source point on S, and J(r') is the

electric surface current on S. Next, we view J(r') in (4) as the

current which resides on AS plus the current on S minus AS x:hciv' AS

is that portion of S inside a sphere of radius c centered at the point

on q nearest r. Let c be so small that AS is essentially flat and that

the electric surface current on it is constant. If i is appreciably less

than -, then, from Ampdre's law, the contribution to n x Hs from the cur-

rent on AS is -. /2 where J is the value of the current on AS. Moreover,

this contribution to n x JIs comes exclusively from a small portion of AS

in the immediate vicinity of r. The current on that portion of AS for

which the distance to the field point r is appreciably greater than 6 does

not contribute to nxIIs. We now let 6 -t 0 in which case r becomes a point

of S, the contribution -J12 comes from the value of J at the single point

r, and the current on any portion of ,^S which does not contain r contri--

butes nothing to n 1 II Hence,

whetre r is exacttlv on S and wherie thlie improper lnt egral in (5) is con-

vt' r,,eii

In icw ot (5) and t ie v'c t or i dent i t V

j�k {i' r-r'

S.- - r '!
S(6)

( t) hero'nn!(.•



S( "" . - jk .) - r-r'je - +r-'t3 -k rr x [(r-r ) (r')]ds' =n <Hr) ( 7 )

for r on S. Henceforth, we assume that te otar norma] vector n is

4iven by n =u ×u . If u is chosen suh that - u × then our

• -t "4 • •

evaluations of th~e terms proportional to n in (7) will hlave the wrong

signs throughout the remainder of this report.

If

T ' =u~ (t' ,4') + u' T ,t'4') (8)

where ur and uH are unit vectors in the t' and ot' directions respec-

tively, then, as shown in Appendix A, (7) becomes

t '(t ' d1'CV (t',,+1)E((<-t)cosv'-(z'-z)sin v')

0

cos l'-aions of;i (~~ t3 ±m prpr ionl to 'in (t) wil hav th wro -)sng

2 7(2 =o u T t + ( 8 )

where u> -- , and~- ar unit vetr in te (t' and '-- d ~'inrvctons v -- spn c-

COS)

St
00

co (z'-2) rsn v s-ini V ~~ If +* CI d' F (fl,;T,,(t-',z '-z) si

2(-

wii' s s+

[( , -1,) ,os v -- (O'coý,. v •,••; '- 2•, ',,w," v: .;i,,"n ) f • " { 9

I -+ jýkR -IV1<
-- -I - (i)



2 2

R - /
= ( -. 4') + (z z') + 41)p' sin (11)

In (9), both n and H are to be evaluated at (t, ) on yS and v Is; the

angle between u and the z axis. v is posittlye iF f i !)po1lnt, away

from the z axis and v is negative i f u t.pointis toward the , axis. The

variables 3?, z', and ,z' are respect.vely (),z, and v evaluated at '

If the electric surface current is bounded and if S curves smoothly,

then all the iterated integrals in (9) converge because the integrands
-1

are at least as well behaved as RI

According to the method of moments, we let

J(r) = (t tt (tx) + I i (rq)) (12)Y (T " Ttn (ý n j .... n] )(11
Sn• n nn1 -n

t
where T n(t,4) and jT.(t,{ý) are expansion functions defined by

t en,ý
~-n.1
"=w u .f.(t) 0 ~t(13)

T f.(t) e'n (14)

Expansion functions whose t and t components are proportional to

en are especially suitable because they make the t and compoients

of the left-hand side of (9) proportional to ej. The coefficients

Tt. and 0, are determined bv solving the matrix equation which results
n11 n,-I

when '212) is substituted via (8) Into (9) and the inner product of (9)

wtth testing functions W t(t,ýQ) and W' t;(I(t (,) defined 1 )v

ut tf- (t) e'-i'• (1%)nil

Tm1 4- t IL

VT =n xi " K • ( 6)

-. ....... .



I.s taken. For an inner product equal to the dot product Integrated

over S, the matrix equation decomposes into

Y Y T If *
t__1 , n=O, +1, +2... (1.7)

1` n nn I- L

where n and n are column vectors whose jth elements a-P I andn n -t•t 11

ni respectively. Also, I and T are column vectors whose ith ele-nl n Tl

merts are given by

25IT

i f dt ( fit) f d(u x n) 1i e-jnt (18)

0

and
2 ,r

fA = dt pfi(t) j ( d (u xn) i e-jn (9)

f0

respectively.t Fialy ant r qaemtie
respectively. Finally, Ytt, 1-t ,yt n and •are square mattrices

whose ijth elements are given by

(Y t r fd t (p f.,(t) f.j(t) +-k 3fdtpn f.(t) tp ( os

- (z'--z) sin v') (G2 - CIp cos v'] (20)

(Y ). t k 3 df (t p) fi(t) dt' 'f.(t') ('sin v Con'- V s- pin V' Cos v

(z'--z) sin v sin v')(,, (21

(Yd¾), = t f (t) dt','f (t )(z'-z) (22)n 9< j.t1 (22)



(Y)• 1T f dip fV )(t) + k3 dt1) f (t t t'I'f G (t')[(('-p)cos .

-- (z'-z) sin v)(,2 + ClPI cos v] (23)

whe re

1 = 2 dk'G sin2 (V/2) cos (nb') (24)

0

G 2 = (Wd'C cos (P cos (ntb') (25)

0

(= 3  d'G sin sin (26)

0

We define pf.(t) to be a four impulse approximation to a triangle

function in the following manner. Letting t = (p,z) denote that ( and

z are cylindrical coordinates of the point t, we define an odd number

greater than or equal to 5 of consecutiv? points t = (p,z) = t

(o., z.), i=l,2,.. .P on the generating curve of the body of revolution1 1l

such that (' I) and (.p, are the poles. If the body of revolu-

tion has no poles because the generating curve closes upon itself as

with a torus, then three points must be overlapped such chat

(p (-3+iI, P--.3+i z ), i = 1,2,3

Preferably, the po;c-ts t-, should be soch that n = u x ui whe-re u

po nts from t tc t I the points t are chosen such thatl 7i 4-1 " i
ný ý - Yi ' X then ail expressions which can he traced back to the

terms proportional to n in (7) -,ill have the wrong signs.

We now approxnfmat e t v'-•, ene rat. Ig n t, curve by dr(awinpg sFt raigh t I ines

bet-ween thle poInts (,. ~) ,, i 2.. nd define pointsIpo *i.

•:9



P- 1 1 iF
t C~

on this approximate generating curvye. Tl ie length dI of the inter val

cerntered about t. is Fiven by
1.

di -- (p)+1 Pi + 4 (z.,, 7i) (28)

In terms, of coefficients T def:i.ned by

2k d2 i _1 __

T4i-3 2(d21-1 + di
2i--i ~2i~

k (C + d
T i2 d2 -1 2i_. it (29)

2i-1 2i

1
k(d + - d )d

T i 2+2. 2 21+1. 21+1T i... =d21i+1 + d2i+2

kd+2

41 2(d 2 i l + 4d 2 ) +

we construct

4

of W T 3(t-t0)fi~t k pL Tp+4i-4 p-42i1-2)

where rl (t) is the unit impulse function. The right-hand side of (30)

iL the desired four impulse approxi mati on to a triangle function
(see Fig. 3).

Substitution of (30) in"to (20) - (23) yields,

I0(



f I tt - i + 3 t

d i

---- do-

Fig. 3. Triangle function (solid) and four impulse

approximation (arrows).
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(yt t) (Y 1)

(Ynt) (Y2)

Y 'r p+4i_4 y T1q+4 -_4 (31)

(Yn) p=l q=l (Y3

n j Bs

(Yn) (Y4)
ni-j S

where s denotes the double subscript p+2i-2, q+2j-2 and

k ( (r) j cos v. - (z -z.) sin v.)G 2 -kI G cos vj, iij

(Yl)i j = (32)

2 T kfi GI cos v. i=jx k2d1i1 i

k a

(Y2). = jk(pjsin vicos v. - pisin v.cos v -(z-zsi sn v.sin v )G (33)

(Y3)i,,= jk(z. - zi)G3 (34)

Sk((p.-Q,)cos v. - (z.-z.) sin vG),2+k (;, cos vi i~ jk(Pi0 i . i vi) .,2 ~

(Y4) =(35)

Sk 2 d 4- kG Cos v

Here, v. is the angle between the approximate generating curve atI

( z.) and the z axis. The ter n in ('32) and (35) was obtained
k dr.

by replacing one of the CoiTc f de." t impIlSe fUnc t i OTIS in the f rs t i nt te -

gral on the rilght-hand sides of both (20) and (23) by an e(qilvalent pulse

Over thc interval of lenýt)ih d..

12



In (32)-(35) 1' 2 and G3 are given by (24) to (26) In which

C Is given by (10) with R of (11) evaluated at (p,z,p',z') (p,zl, '• z.
When i j in (32'-(35), none of the integrals C C1, and G3 converge be-

cause

R = 2pisin (<'/2)

This lack of convergence is ascribed to use of the impulse representa--

tion (30) rather than to any deficiency in the Il-field integral equa-
tion (9). To obtain convergence for i j, we replace the above R by

an equivalent distance R given by
e

R = (di/4) + 4pisin (4'/2) (36)
'e e

Expression (36) may be obtained by displacing the field point a distance
di/4 perpendicular to the plane of the source loop. Now, d i/4 is the
equivalent radius [7] of a flat strip whose width is d.. Expression (36)
can also be obtained by averaging R2 for field points displaced a dis-
tance d /4 in either direction along the approximate generating curve

from the source loop.

An N4 point Gaussian quadrature formula is used to calculate the
integrals CGC 2 , and G3 defined by (24)-(26) in which G is given by (10)
and R by either (11) or (36). According to this quadrature formula,

7 r N4

f(4')d2 2 fA (37)

0

where f(4,') is the function being in-egrated and xk and Ak are constants
tabulated by Kryiov [8]. In (37), the multiplier 7[ and -rprument 71(Xk+)

[7] F. A. Wolff, Antenna Analysis. ,John Wilev and Sons, Inc. , New York,
1966, p. 61.

[] V. I. Krvlov. ApprCximate c-llIarion of lnteerals, translated byA. 11. Stroud, Macmillan Co., New York, 1q62, Appendix A.

13



Instt e al of (its; t. x are due to tI ie t rns form;at i on of K ry 1 ov s Int e rva I

Srom -1 t o I into the interval from 0 to m

The terms In (32) and (35) destroy some synunetry proper-
kdip.

ties of (31). If the d terms were absent, th
k I, ( ip~1 *t

(T])i. =_ (Y4)

(Y2)ij =- (Y2) (38)

( (Y3) ( i

and replacement of (i,j,p,q) by (ji,q,p) in (31) would show that

(Y (Y t) ( )
n il n ji

-(Ynlt) = _ (Yft) (39)
n• i n ji.

"(yt l)) = - (y tý )
n ij n ji

An efficient method of computing (31) which takes (38) and (39) into

account is described in a subsequent report.

IV. E-FIELD SOLUTI ON

Thlie F-field solution is obtained bv applying the method of moments

to the F-field integral equation. The E-field integral equation is de-

rived by setting the compornent tangential to S of the total electric field

equal to zero on S.

The boundary condition that the total tangential electric fie.d

is zero on S is written as

-1 JF = I I i
T s -- a o i S ( 4 0 )
rj ta 3I =t •al



where Es Jis the electric field due to the electric surface current

on S, Ei is the incident electric field given by either (1) or (2)

and q is the intrinsic impedance. 'he subscript tan denotes tan-

gential components on S. The l/ri terms are included in (40) to give

itt the dimensions of current.

'Thle field ES can be ernressed in terms of a vector potential

A and a scalar potential D as

= - jwA(J) - Vt(,T) (41)

whe re

ASJ) 4  r.l(1ds' (42)

D(J) = - dsf' (43)
CS 4rdr-rfl

Here, r and r' are vectors to the field and source points respectively,

,7(r') is the electric surface current on S, k is the propagation con-

stant, v' is the permeability, £ is the permittivity, and 7 is the sun-

face charge given by

T (r) -u dc

•; = i•, •i• \ 7V -:-,, J (r)(4

AS AS

where u is the unit vector t ang, ntial to S and nofmal to the curve C,

which bounds the small portion AS' of S. n points away f-em AS. '1he

operator V is the surface divergence on S.

Following the methhod of mIoment s, we writ e

(It .1 4- . ('5)
- 1 - Il Il l

II , ,

n,] n]~ ~ -S in



t tJ
where Inj and I are coefficients to be determined and J t and J

are expansion functions defined by

J1
nj = fj (t)e-'t(46 (46)

Next, we take the integral over S of the dot product of (40) with each

one of a collection of testing functions Wt WV defined by•mi" -i

Wt, i = u fi(t)e-lliý
'dITI -~t1

(47)

--i= U fi(t)e -jm

to obtain the matrix equation

[( 7 tt] It + [f7t4] V*) = -T
mn n mn n m

n
(48)

ýt ([zn ~t + (t) fP
inn n. inn n m

n

where the Z's are square matrices whose ij-th elements are defined by

(Zpq) j 1 (uA(J) + V(J ))ds(49)
mn~~i -iT. --ni

where p may be either t or 4) and q may te either t er t and n =i / is

[ie Intrinsic impedance. Al.s, (Id V are coluimo vectors whose i-th

elements are given by

4 pp
mvl = r,• ds (50)

1.'
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where p may be either t or P. Lastly, It and P are column vectors
n ii

of the coefficients I and I appearing in (45).nJ n nJ

The following manipulations serve to transfer the differential

operator on 0 in (49) to Wp Since S is closed,.+.ffi"

ff V s (P W) ds 0 (51)

S

where W denotes W Now, the representation

V • (P 1 - u) + . (W.-) (52)

of the surface divergence and the definition

_s _tt D (53)

of the surface gradient imply that

V q ( W) = PV - W + W- V D (54)

In (54), the surface gradient of P can be replaced by the ordinary

three-dimensional gradient of t because (53) is the component of the

three-dimensional gradient tangential to S and W is tangential to S.

Substitution of (54) into (51) and then (51) into (49) yields

(Zpq ) t" r J{ P A(.f ) + up ~(DOq )lds (55)mn iJ T1 PA. --n MI nJ
8

where

op = V • WP (56)
nil jW s --oli

Since, as ';!.own In Appendbx B, (55) Is zero for in n, (48)

reduces to

'7



I I f , n=0, +1, +2,... (57)
z z n n Vn

where Zpq is Zpq of (55). It is also show in Appendix B that the
n nn

elements of Zpq are given by
n

(Z = J dt dt' rLk 2 f (t)O f (t')(G.sin v sin v' + G Cos V Cos v')

F (p t)) (* f 6 (c'))G4 } (58)

(t t f l(t) dt'(k 2 p'f (t') C sin v' + (p'f.(t' C) (59)

n ij f J 6 PD - '4

= Cd 2 +
(Z7 I dt dt'p'f.(t')(k pf(t) M G sin v -n (pf(t) ) (60)

n Ij i 6 P - ft G4

(Z- dtPfi(t) dt'p'f (t')(k 2 C 5  n G 4) (61)n fJ PP'

where v is the angle between the tangent to the generating curve and

t'e z axis and where

(C TT1 dO' e- cos nt (62)
4 -JkR

k ( os (,\ co (p) (6:3)0

7 e- jki(

G;5 =!de' eW O os(10

S fkR sin ' sin (nl ) (64)

6
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R=), ,)2 + (z._z, 2 + 4Pp' sin2-(6

IHre, rt , z, and v depend on t while p', z', and v' depend on t'

To evaluate (58)-(bl) , we choose for rf. (t) the four impulse
1

approximation (30) to a triangle function which reads

4
if (t =Tp+4i_4 (t-t (66)

1ikt_ p+4i-4 P+2i-2

where 6(t) is the unit impulse function and T. and t. are defined by
d1 1

(29) and (27) respectively. For t f- (t))' we choose the four impulse

approximation

4
T ((D f (t)) x T ').4- '(t-t p41 -) (67)

p=I

to tie derivative of the tr~iangle function as shown in Fig. 3, Figure 4

ii lustrates (67). The coefficients T' appearing in (67) are given'p+41-4

by

d 2i-I

(1 i -1

t2 i-

2.114i-2 (121i I + (I i

-d, (08)

,4 i- 1 d ?. i4 1 I (I i4 .. ..

-(6 i-

21+"'1w4 I d, I i 1' J 18

:; • I it I im ', G ) I, (6 ' (] ) int o

Hq
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tt4 4(Vtt = j7~ { T,
1Z I~ C In v1 s:n v1  Gcis v ,Cos v1, -. T' G 1 (69)p=l q=1 P •

4 4
(Z n = - 7 {TpTqG 6 sin v,, + i TpT',G4} (70)

p=l q=l kp1 , 01

S{TpTqG 6 si T,TG (71)
n j p=l q=l n (71,

4 4 2
(Zn)ij = T 2 n G'T '(G (72)

npj t ( 5 2p=l q=l " pilp,

where p' - p + 4i - 4

q' = q + 4j - 4 (73)

i' = p + 21 - 2

=' q + 2j -2

The subscript i' denotes evaluation at tit The subscript J' denotes

evaluation at tY,. In (69) - (72), G4, G5, and G6 are given by (62) - (64)

in which R of (65) is evaluated at t = ti,, t' = ti, which, in terms of

cylindrical coordinates, is at p, z,p',z' p1 ,,zi,,P, IzI,. If i' =

we replace R by the equivalent distance R given by (36) which, with ie

replaced by i' reads

Re d= TdI/41)2 + 4p21 , sin(1'/2) (74)

The N point Gaussian quadrature formula (37) which reads

N, .A1•-•f (xk + 1) (75)

k21

21



is used to calculate the integrals G4 , G5 , and G6 defined by (62) - (64).

Since replacement of (i,J,p,q) by (j,i,q,p) in (73')' implies re-

placement of (V',j',p',q') by (J',i',q',p') in (69) - (72), and since

G V G 5 and G6 are symmetric in iV and J', it is evident chat

(Ztt (Znt t)
n ij n ji

9 t =- (zt ) (76)(n~t iJ n 31

(Z0 ) = (Z•4 )n ij n Ji

An efficient method of computing (69) - (72) which takes advantage of (76)

is described in a subsequent report.

V. COMBINED FIELD SOLUTION

In this section, we assume that the incident field ( i,H ). due

to sources outside the perfectly conducting body whose closed surface is

"S induces a unique electric sarface current J on S and that this J satis-

fies (3) and (40) which read

- n x H( ( n x Hi just inside S (77)

F ... on S (78)
q -tan - T) -tan

where n is the unit outside aormal vector to S, (ES,Hs) 4s the field due

to J, and the subscript tan denotes tangential components on S. The ques-

tlon arises whether (77) alone is sufficient to determine J, whether (78)

alone is sufficient, or whether infcrmation must be drawn simultaaeously

from both (77) and (78).

If both J an] 1 4, satisfy (77), then

tts (4) =0 Just inside S (79)

22II
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Maxwell's equations will be satisfied if

V X V XI I(1) k 2HS () inside S (80)

The solution .T to (77) is not unique for values of k at which (79) and

(80) admit a nontrivial solution J. This J will be called a magnetic

cavity mode. Similarly the solution J to (78) is not unique for values

of k at which

Es (M) = 0 on S (81)•tan .-

5A 2 sSX V X .ES() = k2 F(A) (82)

admit a nontrivial solution 5 called an electric cavity mode. Comparison

of (79) and (80) with (81) and (82) shows that the magnetic and electric

cavity modes occur at the same values of k and that the magnetic field of

the magnetic mode is proportional to the electric field of the electric

mode i~nside Sq. - he electric mode field vanishes outside S bec 3use its

tangertial electric field is zero just outside S, but the magnetic mode

field does not vanish outside S because its tangential magnetic field is

not zero just outside S.

The assumed existence of a unique solution J to the physical

problem implies that the incident field is orthogonal to a nontrivial

solution, if it exists, of the adjoint field problem. The adjoint nag-

netic field operator has been determined by Marin [9].

We will show that the solution J to the combined field formu-

lation [4,5]

an I 1(J) E + a i
(... ) - -tan . .n x + Ft just inside S (83)

is unique and satisties both (77) and (78) whenever o is a positive real

number.

[] L. Marin, "Natural -Mode Representation of Transient Scattered Fields,"
I EFFF Trans. Anterinas P'- : iat: vol AP-21, pp. 809-818, Nov. 1, 73.
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The solution to (83) is umique if

-!Ex ps '() F. C) = 0 (84)-,•~ ~ ~1 ×!s)-,--tan

implies that J 0. Scalar multiplication of (84) by its complex conJu-

gate and integration over S lead- to

r s [2 2 .2s,(sj))
sI • ( () 2+ -c-i- S0 (J)12)ds + 2•_ [Real ((,) H (J)) (-n)ds] = 0

2 a t a -- n . . ..

S S (85)

The bracketed quantity in (85) is the real power flowing inside S and hence

is either zeio if the media is loss-free or greater than zero if the media

is lossy. Thus, (85) implies that

HS (J) = 0 lust inside S (86)

E"s (J) = 0 on S (87)
-tan -

Since (87) implies that HS (J) is also zero just outside S, we obtain the
-tan

desired result that J = 0. Hence the solution to (83) is unique. Tnhe

statement on page. 224 of ý5] that (83) has an infinite number of solutions

at eigenfrequencies is not correct.

If (83) is true, then (84) - (87) are valid with HS(j) replaced

by H(J) + Hi and ES(j) replacedl by + E . Therefore, (83) implies

tioth (77) and (78).

Since (83) is the linear combination of (3) and (40) with relative

weight a, the met-iod o) moments formulation obtainel fror. (83) is the. same

linear ccinbination of (17) and (57). Hence,

ty t. t " Lt tt

*1 Yn n nn I ' n
a+ d'x n=,-, .

n n n Kn .'' lJ n 'n. n (88)

24

' • f• • •,, >' •• • ' l! |q i') _, , , . ..... . _ •• " )• )•I• |' •• • =•"'''• ••, , .. ••- .............. : ...........- '•:



.. ... . . . . . . . . .. N I.M. . .--.. , i

where all matrices and column vectors have the same meaning as in

Sections iJI and IV except that I and TI now, when substituted into01 11

(45), give the combined field solution for J.

VI. FAR FIELD MEAS1JREMENT AND PLANE WAVE EXCITATION

In this section, measurement vectors are used to obtain the far

field of the surface current J. The plane wave excitation vectors ne,3ded

for the H-fiel.d, E-field, and combined field solutions are then expressed

in terms of these measurement vectors.

By reciprocity,

s (J) - I- Z .r = .J(r) - E(IY )ds (89)

S

where Fs(J) is the far electric field due to J, IH is a receiving electric

;ipole at the far field measurement point, and E(ITZ) is the electric field

due to It evaluated at r on S. if 7 is tangent to the radiation sphere,

-jkr

r - kr r
= rt)r ZIt e (90)

4cr '-rr

where r is the distance between the measurement point and the origin in

the vicinity of S and k is the propagation vector of the plane wave coming

frcan ; 0). SuF3ti ýing (45), (46), and (90) into (89) and letting Z be

either u r o 1 Ur w_ Obtain

r r -j1 k r r

4, e (91)

I1 I --

where Is the tranvpose J. a coiumn vector R q whose i-th element isSTI Il

given by

•Ij)



Rpq = k dtpfi(t) f dP (u ur) e r- rr (92)
ni f-p -q

0

where jj is the azimuth of the far field measurement point. In (91), E(J)
r

s r "r
and E (J), are respectively the a, and u. components of ES (J).

With a view toward evaluation of (92), we note from Figs. 2, A.-!,

and A-2 that

r*t u0 = - sin O cos v + cos a sin v cos(C-€r)

rr
ru uA = - v e sin(C-r

ur i (93

r-
14--t--

--k r = kz cos 0 + kp sin 0 cos(q-r)r ... r rr

Substituting (93) and (30) into (92) and taking advantage of the integral

f c i-miil a

S2rn j(kP sin 0r cos ' + nh)
J (kp sin 0 1) = _ f e de (94)

0

,.educed from (9.1.21) of [10] for Bessel functions, we obtain

[10] M. Abrainowftz and f, A. Stegun, "i'labook ot Mathematical Functi onIs,
U. S. (;overnment Printing Office, Washington, D.C. (Natl. Bur, Std.
U, S. Appl. Math. Ser. 55), 1964, p. 360.
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RtiO= 4sn0Jkz cos 6
R t= nPI T (-21 sin 0 cos v+j(nl-J n)cos 6 sin v)eni 1 p+41i-4 n r n+1 n-l r

4 Jkz cos 0
Rn00 = - Tj n I (n + )Cos e e r
n p+=i-4 n+1 n-i r

(95)

n. 4 jkz cos 0
R = jn I Tp + 4 1-4(Jn+l+,Tn )sin v en-

p=l

where

J = J (kp sin 6r) (96)

In (95), p, z, and v are to be evaluated at t = tp+2i-2'

Substitute (1) and (2) into (18) and (19) to obtain

2 T,2p ftrj(-k,-" r -- ný)
q I dtpf (t) d(u xn) ) (k x u e (97)

ni I j.- - t•n q(90

and then substitute (1) and (2) into (50) where Wp is given by (47) to

ob ta irn
S~271

v n k dtpff (t) d (u U t )e 'it (98)nj -- *. - 98
0

where p is either t or 4). Phe additional s)iperscript q on the left--hand
ssides of (97) and (98) is either 0 or 4 accordtng as the Incident electric
field Is 0 polarized as in (1) or p polarized as in (2). Comparison of
(97) with (92) shows that

S27



F-Rn n -n ,-n

~(99)
4-nn In R -n R-n_

where the R's on the right-hand side of (99) are to be evaluated at

0 = 0 . Comparison of (98) with (92) leads to
r t

ýpq = kpq (100)
n -n

where p is either t or ý, q is either 0 or ý, and RPq is to be evaluated' -n

at 0 = 0
r t

The expressions (45) and (91) for the electric surface current and

far field can be simplified by combining the +n and -n terms. Substitu-

ting (46) into (45), we obtain

_jq e ((" Ttq),!f t + (f Vtq)u } (101)
S~n=--

where f is the transpose of the column vecLor f of the f.(t), and •tq and
- TI
n are column vectors of the coefficients Inj and I respectively. The

additional superscript q is either 0 or • according as the incident elec-

tric field is 0 polarized as in (1) or • polarized as in (2). The column

vectors Itq and I q appearing in (101) are obtained by solving either theS~n n-

H-field matrix equation (17), the E-field matrix equation (57), or the

combined field matrix equation (88) with the additional superscript q on

the column vectors therein to denote the polarization of the incident

electric field.

Inspection of (20) - (26) and (58) (64) reveals that

Sytt [ttt

•I-n -n nn
- = 1 ~n=0,l,2 (102)

-n -n n n 1

28



and

1tt zt F Zt -Z tc

-n -n nn

n=0,1,2,... (103)

z~-n Z-n n-~ D•

From (95), it is apparent that

1 R -R
-n -n nn

= Rn,l,2,... (104)

L -n -n *nn

Substitution of (104) into (99) and (100) gives

S-n -n n -11

1 , n=0,1,2,... (105)

-n -n nn

and

I-to +tp --to 1+t
-n V-n Vn _Vn

n=0,1,2,.. (106)

Since the properties (102) and (103) survive matrix inversion, it is evi-

dent from (17), (57), (88), (105), and (106) that

I-n T-n In

-- , n=0,1,2,... (107)

fn view of (107), (101) becomes
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= ( to)u + t {2(f rto')u cos(n)n + 2j(f I)u sin(nW)}

(108)
(f 1)!4 ý f u ) cosnco

-I* = (I- Pi*)u + • {2j(f )u sin(n4) + 2(f I)u o(nP)}
0o n=l n1ut n os

where f is a row vector of the f (t). If pf 1 (t) is the triangle function

itself rather than the four impulse approximation (30) to the triangle

function, then

to + f{2ou cos(nO) + 2j InlU sin(n)}.

0'o of-* n= nPtt -=t- -- t

2i+l

(109)

oi-u + 7 f2jI.u sin(nq) + 21T4 u cos(nl))}

t~2 1 +l i214i

Equations (104) and (107) reduce the specializations of (91) for

0 and i polarized incident electric fields to

-jkr

E s (I).• =- f •2e2 r •• 4 (Rftn + ,IVI)cos(nr )'f
r n=1 n n r n r

-, krr r

- 2ir n n 11 i n n

(110)

F S (,J) WOt=+00

7Tr I ln 11 11 r-_Jk r -r

"21fr 0 ) n n Ii U r

'30



In (110), the first subscript on Es denotes the component under con-

sideration whereas the second subscript denotes the polarization of

the incident electric field.

The scattering cross section a is that area for which the incident

wave contains enough power to produce by omnidirectional radiation the

scattered power density at the far field point. Specializing u to the

four different polarizations, we obtain

opq i F 2 s 2

0pq = - -rq (111)
02 3 r ) _
A 47r

where p is either 0 or t and q is either 0 or ý. In (ill), p is the

receiver polarization, q is the transmitter polarization, A = 27T/k is

the wavelength, and E sq(J) is given by (110).

pq

VII. EXAMPLES

Computer program subroutines have been written to calculate the

square matrices and measurement vectors needed for the H-field, E-Field

and combined field solutions. These suhroutines will be described and

listed in a subsequent report. Somte computational results obtained with

these subroutines are given in this section.

We compare computed approximations to tlhe electric current induced

on t-he surface of a conducting spihere by an axial incident phlane wave with

the known exact ?o] urtiol. Figure 5 is a plot of A versus ka where k Is

the propagation constant, a is the raadius of the sphere, and A is defined

by

f 1 V? - Jl 02

ft, re,, S is the surface u f the .piteh re and ii is the i i edeint magn et itc

field. Ai1:o, .1 iy: the eact eicc trIc tutrent glve)n bV (6-1 '1) of [6]
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and J is the computed approximation to •t ' The squares, circles, and

triangles in Fig. 5 tell which field solution (E-field, H-field, or
Scombined field with a = i in (88)) J is obtained from. In (I12), tile

expression

lJ.. - cl2 -- (i- (ll3)

where * denotes complex conjugate is the time average of the square of

the length of the time dependent vector whose root-mean-square phasor

is (jjc) .

The number P (maximum value of (i+l) in (27)) of data points on

the generating curve is 31 for all the examples of this section, l•lesp

data points, equally spaced from the lower pole to the upper pole of the

sphere, •ive 1.4 expansion functions for the t directed electric current

and 14 expansion functlons for the • directed current. Both surface

Sintegrals in (112) are evaluated by Integrating analytically in • and

----- • b• sampling in t at the 30 points defined by (27) The number N• of

Spoints used in the Gaussian quadrature integration (37) is 20.

SIn Fig. 5, the H-field solution is generally the best and the
l F-field solution is the worst as far as J is concerned. For both E-field

• and H-field solutions, the error In J ls large at resonances of the spheri-

• cal cavity which are tabulated on page 270 of [6] . The combined field solu-

• tion is not affected by these resonances. Note that the error In J for the

SE-f•eld so]utlon has a peak arotnd ka = ].35 whlcb is far from any resonance.

SThis peak dlsappeared when the number P of data points was reduced from 31

to 21.

Ytg,.,re 6 compares the no•mItzed radar cross sect:Ion (•/•Ta2 in the

:m backscatterin•, direction obtained from the H-field solution, the E-flcl•

•' •a2Ssolution, and the combined field solution with the exact •/ . The
m

exact •/•ra• Is c'alcuTated from (6-105) of [6] tn which A is our o. In

S. Fig. 6, the squares denote th•• It-fi{•l(l solution, the cfrc:-les denote the

SE-field solution, Ihe trian•,les d•note the combined f:teld solution, anl

Sthe solid lln•' (humorous the •'xact solutl•)n. 'rht, l':-fteld, !!-fleld a•:d

n•
•i

n•|•'
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c 01141,n e(d fie 1 (1 souI u t Ion for (y/ ~Irý2 are he ginining to det eriorate for the

ikirgcýr vail ies of kai Tin Fig 6. At ki 6,* there are only 5 expansion

funotfoc-> per vlave 1 egth.

Figurcs, 7 and 8 show the curves of'i o 5 and 6 respectively

in more de tai 1I in the vi~cinilty of thei fi rst resonance which occurs at

ka -- 2 .744. Thie disturb ance in the 11-fie Id sol~ut ion occurs qunite close

to the resonant- freqien cv, hut the dlist-urbance in- the EF- ied 1(1olilt ion

Uccurs at a sl ightliy higher frequen cv. Al thou~gh the error in .1 foi- the

F--field solit ior- is tremendtlos , the. error in cy/ raý for the F-field solu-

tior is quite, small exc~ept at two or three point-s. The fcllowing- expla-

nation iýs offe red. Accordli'g to Sect ion VT, the F-field a:oljution does, nor

determiine how ri-cui of the ehectric cavity mode current is con tained in J.

Htence, we sunapec t tilatL our nvoner i cal F- field solutiont does not contalnr

tle ri ght ximounit of the e l.ct~ric cavi ty mode . If this, a uspicion is true,

then the radar c ross sect ion canl still be quit~e accurate hecaiSe the

electric cavity mode does not r.,idi ate any u.vveriial fietld

1, i cures Y and 8 show thait the comrbinled fICIIe ( 50 lt iO on. IsMuchI

he tte r than ei ther the TI-tie 14 solu ti on or the E--fied 4 ol ut i '1 in the

vi cmintv of the first resonance.

An II-fieid (aol uvion, ý-n FK-fieldl solut Ron and a comhived field

soIlu ti on for pl ane Wave s cat tori'p frg t ru a pert ec t-Iv c'on duct in g Podvwc

re volt I tit hav beenV( (love dO 10 OJ Zi nd eYn o " lld cd .Thle Il--fieold silhlit ionl i a

ft lodi 1f ('at ionl and ut~lrll i ?;t ;I)[I to oh1 ique i(11' del'e (If "Iti (nIgh1ii

ili"I ,;t a;ol lit ion - omo~~!(f illipli Iso, expaInsion fWnc ' iIZ Mu nid~o~

rukl' f or fiiitoet'rdt it %11 ' lih r05f10et to thle as 101tll :, We (Is( folur iml~lplsI 5&

CIpl P11 1(1 1 at i 01( to( tr j ii(( I Ic ((ll t inns alld al Al( 1 ad 'tIr lte V-io 01

11i- 50111! ;ohl 1 ion i Lth t (0t [ ll wi lih illpullsý( (-,roell's funct ions, obtainlel

i ( (iuS1. I1,iýlhrit tir,.' int'(~ti~ th In' n irIilth : ip)-tk ad ofI plike

til),t 11ý ýh t~ ! imlcql~l llt rv~l eillllw11+
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C orib tlloed f i ce.1 d fo:mntI l It i on is S beI!Il'ar (C01111) ifý Mtoe i0 Of the) e('01U) t ionIS for t:lhe

Ni-f 1`e1kI and F.-4fie. ! I solut I.ions; ('OMpliter rgratim sbotitt no..; Which (,a IcleI lite

theW I stia re ma18t rcs J.CSfK beo PI-t F i (ALi andI 1--fiel d SO] uI lit ios d t hle p) a1t 110WO A

Ill-,1 ýiS (i' 01meCnI tý V(-.(, tiC) '11 ai I) dp e r in a forthicom ring, reop r t . 'IIlk '-;librout i ne whti ch

ica].cIiates t lit, squijatre mnat .Jix fot Hi he -ii tel LI llt iot 100 ye it,'i ipprec'-fah) j

('Is tet and requt res cons i d erI-ab " I es.- ; s Kc)r ig t t 01)1 ab, ill 010~ 0i'1110 kind iOf

aIct lirecy as a p~reviottls s! tit jup! [lI.].

li ifedan -A t omhitieois l q t a l'ii.' oils di hi t oi t r i lv i 01 oI

cavr _-:v resonances because the Libnoeeu ria os;iliIto iva oli

t tions I t thIle s oe rs on zin ev- .I11 Se Cti iOn V , i t: i SSlIo071 t h at IeIIC liTlTIiý(O 0 0tt IS

e quI a IIor, as-, ocK a te d w ith th el co-b i n1e d f e I d -o 1mnitIl a t 1 1) os n o I t:r i, v i.al

iitl1uio 4 f th Ie ce kt, 'e s~i gl :t i o f tI)e F I-f i c Id e q i Ia t i r) i is r ea ,a I and , i f

toIe in, side Me d i ia S .1os sy ps SI t lye Vor t h.i S reds .mn; t I li e c ombi i nIe d Ft e ltfI

so] of I tin fI v;much he titer than ei Olbet r c 11- f-1 xA 1 or~ :-.f ield -sol I ut:ios- in iihe

xui-Cinit-v of cpvityv resonanc~s . Figu res 7 and 83 hear this out

For the examples of V3c Iiin 1 , the to I at. i 7( we i gfit iy (Jt Ilte F-f :eI d

ecutia or in t~he combined fi~e3 c formulation is unitY. ilThis put~s the 11-fiel~d

and 5'--field equat~ions on a mote or l-ess equal. fcoting because the mnagnittude

of the exci tation~ duoe to the [I- fi-eld eq nat:i~on i~s then that due t-o the E-f ie cid

eqi~atlori rot:ated 9f0 ' in space. Accordin, co 1`1g. 6, the P17-feld solution

for g/ ra' -is gene rally a hit. Tiinur( accurate than the -f: c so*Lu.i'ir:i- away

from t-he. cavity resonances. Thi~s sup.gests that_ one weigh~s, ro'- f-field

equtat. ion less thtan the Hf-fiel-l equat ion i~n the combined fiel-d formulation.

()shiro et a". f4,5] conclude front their plots of mean, Prror velsus )t

for 0 a < Ithat an (x valuie on the order of 0.2. is Ibest. lloweve t, tMere

is no logical reason for ruling nut. negat__Lve valuies of (x when th1e electric

surfac.e cur-rent radi a tes in t-o a 1.ass-fre- insidsIte medi a he(aue'e thlen the left-.

hand si~de (of (85) does not- depend on the s ign of M e see l i t t'l si go ificanee

fin thbe facts that the mnagnirtile of the combined ii cid exeit at ionl on Ihe ri gi'. t

handI' s ide of (813) is, gene ratlv~ large.r On the ill1uminaited poi t-ion of the s nrfa,,e

of the hotly of revolhit.lIon thIan in thie sihadm, zone for ýj 0 aindl tbat thle opp o-

dý;!e is tr~ic for Y . 0.

Rl ] . F' , art i- og n on an d I1 , R . MaluI z , 'ad i a t 1 on anti ý ca t t, e ri J ugI f roll. Bod i L,
0l Re Vot) I tt on , " 'pot t AFIWSI,.-60)--f)305 , Coot rae t No. V--1 0628--67--('-.1)) 3 I3
between Sy ratcuse lii I ver'-;i tv and Ai r Force (lambri dge(_ (<esearcli I Ohorfit ortin is
title 1969.
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APPENDIX A

DERIVATION OF THE H-FIELD INTECRAL EQUATION

The purpose of Appendix A is to obtain (9) from (7) and (8). In

view of (8)

(r-r') x J Tt(t',V) + (r-r') x t') (A-i)

The cross products on the right-hand side of (A-i) are evaluated by expres-

sing all vectors in terms of unit vectors u, u and u in the p, and z

directions respectively.

"r = p +- u z (A-2)

•-P

"u'= t sin v' cos(ý'--p) + u sin v' sin(€'-C) + u cos V' (A-4).'t =0 -

- u sin(t'-ý) + :eos(p'-,) (A-5)

Equation (A-3) has been obtained bv first writing

r' = u'o' + u z' (A-6)

and then using Fig. A-i to express Lu' in terms of u and u•. To verify.
_P _p

(A-4), use rig. A-2 to express u, In terms of u' and u and then use
S- -Z

Fig. A-I to express u' in terms of u and u

Substitution of (A-') - (N-5) into (A-I) yields

(r-r') x (•W) = fu (-p't'os v' + (z'-z) sin V') sin(2'-4)
_p

+ i(-(p-p'cos(ý'-ý)) cos v'- (z'-z) sin v' cos(W'-¢))

+ 1Up sin v'si (€'-4) jt(t ' + {' (z'-z) cOS(V-4)

+ '.I (z -z) +in(¢'--4) + • (-i " + p cos(('--O)] .1 ( ', ' (A-7)
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To find the u and u components of (7), we need
•t

n x [(-r') xJ(')] = ([(r-') x J(r')] (A-8)

x [(r-r') • × J(ri')] = - t[(r-r') J(r')] (A-9)

With the help of

a = u sin v + u cos v (A-10)

and (A-7), (A-8) and (A-9) become

*n x [(r-r') x J(r')] = {((U'-p)cos v' - (z'-z) sin v')cos(G'-c)

-2 cos v'sin 2 ( } Jt(t',q') + (z'-z) sin(4'--q)J'(t',,') (A-lI)

xn × [(r-r') x J(r')] = (p'sin v cos v - p sin v' cos v

- (z'-z) sin v sin v') sin(p'-t) Jt(tt,?') + {U(('-p)cos v

- (z'-z) sin v) cos(q'-4) + 2p'cos v sin2 (4'2-±•)} Jt(t',') (A-12)

The distance j r-r' appearing in (7) is the square root of the

sum of the squares of (z-z') and the projection of (r-rC) in the xy

plane. Hence,

,2+• , =V/( -0 ') (+4Z'' s in'"&(-2-=•)

Ir-r'I = / )2 + P 2 +P 2-2pp cos(*'--) =V(p-)-(z-z)2 402 2

(A-13)

An integral with respect to ý' results when the surface integral in

(7) is Iterated. Because this integral with respect to pt Is an integral

of a 2n periodic function of C' over the period 2, ý' may be replaced by

ý' + $ without changing the value of the integral. Substitution of (A-il) -

(A--43) into (7) leads to the desired H-field integral equation (9).
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APPENDIX B

DERIVATION OF THE F-FIELD MATRIX EQUATION

The testing functions Wp appearing in (55) are defined by (47).
-mi

From (56), (47), and (52), we obtain

___ __ -jmqýt f (pf(t))e-

Ml jup it
(B-i)

•i= m f(t)e-Jm

The vector and scalar potentials A and D appearing in (55) are given by
(42) and (43) with Jq defined by (46). In agreement with (44), (46),

and (52), and in analogy with (B-I), the charge density u appearing in
t

(43) is specialized to either a . or a. given by

t -- ( ) Jn '
nj jwp' 9t' (P'fj

(B-2)
= -n f(t')

nj wp' j

In view of the above considerations, (55) can be rewritten as

tt
Smn ij

(zni) j 2,r 2T• -jkT r-er' j(nW'-mO)

jdt dO (1 f dý d
0 0

(Ztý)

(Z4b). (cont. on next. page)
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jkPfi(t)Pf (t')1" - (o W (pf.(t))'))
4 ut k -ýt I 2J

jk f (t)p'f (t') u' - 2 .pf (t" (P'f.(t'))
f fj u t -kp i t ) -t

(B -3)k t . -n -J (p fi(t))p'f Wt)

IkP f i(t) P',f.( j )t ko 4. ' ýt

jpfi(t)p'f (t') (ku u' kpp

To facilitate evaluation of the dot products appearing in (B-3), we

write

-u = u sin v + u Cos v

(B-4)

u'= U sin v+ u cos v'

where u , u', and v' are defined in Figs. A-i and A-2. With the help of

(B-4), we obtain

u u = sin v sin v' cos(p'-p) + ces v cos v'

u " u' = sin v' sin($'-$)

(B-5)

t = - sInv sin(t'-¢)

* u' cos(4¢i-q)

The distance r-r'J Is given by (A-13) which reads

22 (36i4 + +

~4 3
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In view of (B-5) and (B-6), the integrands of (B-3) are periodic

functions of ý' with pe±riod 2wr. Hence, ý' can be replaced by(4+)

without changing the values of any of the integrals. When this is done,

the ý dependence of the integrands becomes eJ(n-m)ý which when integrated

gives 21T for Tn~n and zero for m j n. Taking the liberty of replacing the

double subscript umn by the single subscript n, we obtain (53) - (61). The

forms (62) - (64) of the $' Integrals follow from the even or odd syimmetry

of the terms in (B-5) about (4-)=0 and the even symmnetry of (B-6) about

0 =- 0.
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